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WEIGHTED ESTIMATES IN L? FOR LAPLACE’S EQUATION
ON LIPSCHITZ DOMAINS

ZHONGWEI SHEN

ABSTRACT. Let Q C R4, d > 3, be a bounded Lipschitz domain. For Laplace’s
equation Au = 0 in 2, we study the Dirichlet and Neumann problems with
boundary data in the weighted space L2 (99, wado), where wa (Q) = |Q—Qo|%,
Qo is a fixed point on 992, and do denotes the surface measure on 92. We prove
that there exists € = ¢(Q2) € (0, 2] such that the Dirichlet problem is uniquely
solvable if 1 —d < @ < d — 3 + ¢, and the Neumann problem is uniquely
solvable if 3 —d —e < a < d — 1. If Q is a C! domain, one may take £ = 2.
The regularity for the Dirichlet problem with data in the weighted Sobolev
space L2(9€, wado) is also considered. Finally we establish the weighted L2
estimates with general A, weights for the Dirichlet and regularity problems.

1. INTRODUCTION

Let Q C R?, d > 3, be a bounded Lipschitz domain. We fix Qg € 99, and let
(1.1) wa =wa(Q) =|Q — Qol* for a>1-—d,

and do denote the surface measure on 9. The main purpose of this paper is to
study the solvability of the boundary value problems for Lapace’s equation Au = 0
in Q with boundary data in L?(0€,w,), the space of functions on 92 which are
square integrable with respect to the measure w,do. We obtain certain ranges of «
for which the Dirichlet and Neumann problems as well as a regularity problem are
uniquely solvable. In the cases of Dirichlet and regularity problems, these ranges
are sharp. We also establish the weighted L? estimates with general A, weights for
the Dirichlet and regularity problems.

For a function F' on 2, the non-tangential maximal function of F' is defined by

(1.2) (F)*(Q) =sup{|F(X)]: X € Q, |X — Q| < 2dist(X,09)}

for @ € 092. We will be interested in the solvability of the Dirichlet problem
Au=0 in Q,

(1.3) u=f € L*0Qw,) ondQ,

(@) L2 (00.04) < 00,
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and the Neumann problem

Au=0 1in Q,
ou 5

(1.4) — =g € L*(00w,) on 99,
on

(V) (| L2 (002,w.) < 00,
where n denotes the outward unit norm to 9Q. We remark that in (1.3) and (1.4),
the boundary values are taken in the sense of non-tangential convergence, almost
everywhere with respect to the surface measure on 9f2.
The following are the main results of the paper.

Theorem 1.5. Let Q C R?%, d > 3, be a bounded Lipschitz domain with connected
boundary. Then there exists e = £(Q) € (0,2] such that, given any f € L?(0Q,wy)
with 1 —d < a < d — 3 + ¢, the Dirichlet problem (1.3) has a unique solution.
Moreover, the solution u satisfies

%2 2 A e 2
(1.6) /m|(u) | wada+/Q|Vu(X)| S(X)|X — Qo ngC/m|f| o do,

where 0(X) = dist(X,09), and C is a constant depending only on d, o and the
Lipschitz character of Q. If Q is a C' domain, one may take ¢ = 2.

Theorem 1.7. Let Q C R, d > 3, be a bounded Lipschitz domain with connected
boundary. Then there exists e = () € (0,2] such that, given any g € L*(0,w,)
with3 —d—e <a <d—1 and [,,gdo =0, the Neumann problem (1.4) has a
unique (up to a constant) solution. Moreover, the solution u satisfies

(1.8)/ |(Vu)*|2wada+/|VVu(X)|26(X) |X—Q0|adX§C/ l9|* W do,
oN Q oN

where C depends only on d, a and the Lipschitz character of Q. If Q is a C*
domain, one may take € = 2.

Let L}(0Q,wa) = {f € L*(0Q,wa) : |Vif| € L*(0Q, wa)}, where V,f denotes
the tangential derivatives of f on 9€2. We also study the regularity of solutions for
the Dirichlet problem when the boundary data f € L2992, wy).

Theorem 1.9. Let Q C R?%, d > 3, be a bounded Lipschitz domain with connected
boundary. Then there exists e = £(Q) € (0,2] such that, given any f € L2(0Q, wy)
with 3 —d—¢ < a < d—1+ ¢, there exists a unique harmonic function u in €
satisfying u = f on 0Q and (Vu)* € L?>(0Q,ws). Moreover, we have

(1.10)

[(Vu)*? wa do + / [VVu(X)[?6(X)|X — Qo|*dX < C / Vi fI? wa do,
o0 Q o0

where C depends only on d, a and the Lipschitz character of Q. If Q is a C*
domain, one may take € = 2.

The main ingredients of the proofs of the theorems stated above are (1) the
unweighted L? estimates, (2) certain localization techniques originated in [DK], and
(3) the representation formulas in terms of the Green’s and Neumann functions.
We point out that the ranges of a in Theorems 1.5 and 1.9 are sharp. See Remarks
2.22 and 5.12. With estimates (1.8), (1.10) and their counterparts for the exterior
domain 2_ = R\, we are also able to establish the invertibility of layer potentials
on 0f). See Theorem 5.4. As a consequence, if 1 —d < o < d — 3 + ¢, the
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unique solution of the Dirichlet problem (1.3) may be represented by a double
layer potential with density in L?(0Q,w,). For the Neumann problem (1.4), the
solution may be represented by a single layer potential with density in L?(99, w,)
if3—d—e<a<d-1.

We note that for w, = |@ — Qol?®, it is well known that

(1.11) wa € A4(09), ¢>1 ifandonlyif 1-d<a<(d-1)(¢g—1),

where A,(0Q) denotes the class of A, weights on 9. Thus it is natural to ask
whether the weighted estimates in the theorems stated above would hold for general
A, weights. The question is also very interesting, given the close connection between
the weighted L? estimates with A, weights and the well understood (unweighted)
LP estimates. We remark that for Laplace’s equation in a Lipschitz domain, the
Dirichlet problem with data in LP(9) is uniquely solvable for 2 — ¢ < p < o0
[D1, D2], while the Neumann problem with data in LP(J€) and the regularity
problem with data in L7 (9) are uniquely solvable for 1 < p < 2+¢ [JK|, [V1][DK].
Furthermore, the solutions may be represented by layer potentials [VI] [DK]. The
ranges of p are known to be sharp.

In this paper we will show that there exists n = n(2) € (0,1] such that if
w € A14,(09), the Dirichlet problem with data in L?(9Q,w) and the regularity
problem with data in L?(952, %) are uniquely solvable. See Theorems 7.2 and 7.6.
We remark that by an extrapolation theorem of Rubio de Francia [R], the weighted
estimates ||(u)*| r2(00,0) < C || fllz2(90,w) and

(1.12) [(Vu) Nl 200,12y < ClIIVifllrz0,1)

for w € A11,(0Q) imply the corresponding (unweighted) LP estimates for
2/(1+n) <p<oocand 1l < p < 2/(1—mn), respectively. It follows from the
sharpness of the ranges of p for the LP estimates that our condition w € A;4,(09)
is also sharp. Note that by (1.11), wq € A14,(02) ifand only if 1-d < o < (d—1)7.
Hence our Theorems 1.5, 1.7 and 1.9 show that the weighted L? estimates hold for
certain power weights which are not in the optimal A;4, class.

In view of (1.12), it would be interesting to see if a similar estimate holds for the
Neumann problem. It would also be interesting to extend the results in this paper to
higher order elliptic equations and second order elliptic systems. In a forthcoming
paper [Sh2], we obtain some partial results on the weighted L? estimates with power
weights for the second order elliptic systems with constant coefficients. We should
remark that in the case of elliptic systems, the question of the sharp ranges of p for
which one may solve the LP boundary value problems remains open for d > 4. The
partial results in [Sh2] are based on certain Morrey space estimates for the elliptic
systems in [ShT].

We mention that in order to solve the oblique derivative problem with L? data for
p > 2, Kenig and Pipher [KPT] established a L? weighted estimate with A; weights.
We also point out that there exists an extensive literature on the solvablity of
boundary value problems on piecewise smooth domains in weighted Sobolev spaces
with power weights. We refer the reader to a recent monograph [KMR] by Kozlov,
Maz’ya and Rossmann for references.

The paper is organized as follows. In Section 2, we prove Theorem 1.9 for the
case 3—d—«a < a < 1—d. In Section 3, we establish the size and Holder estimates
for the Neumann function on 2. These estimates are used in Section 4 to prove
Theorem 1.7. The invertibility of layer potentials on L%(9),w,) is established in
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Section 5, which also contains the proof of Theorem 1.5. In Section 6, we give the
proof of Theorem 1.9 for the remaining case d — 1 < a < d — 1 + . Finally we
establish two weighted estimates with general A, weights in Section 7.

Throughout this paper, we will use € to denote a bounded Lipschitz domain in
R? d > 3, with connected boundary. For P € R¢, B(P,r) denotes the ball centered
at P with radius r > 0.

2. ESTIMATES IN L?(9,w,) FOR THE REGULARITY PROBLEM

This section is devoted to the proof of Theorem 1.9 for the case 3—d—e < a <
d—1. The remaining case d—1 < a < d — 1 + ¢ will be dealt with in Section 6. We
remark that since w, is an Ao, weight on 0f) for @ > 1 — d, the second term on the
left-hand side of (1.10) is dominated by a constant times the first term on the left.
This follows easily from the estimate of the square function by the non-tangential
maximal function, established in [D3] for Lipschitz domains. The same remark also
applies to estimates (1.6) and (1.8).

For f € L%(952), we let us denote the unique harmonic function u on § satisfying
(u)* € L?(09Q) and u = f on 99).

Lemma 2.1. There exists ¢ € (0,2] such that if f and |Vf| € L?(09), then
2
(2.2) / |Vug|*do < Oy M/ _ WV @QF do(Q)
B(Qo,r)NoQ

pY
29 {|Q — Qo| + 1}
for any Qo € O and r > 0, where 0 < A< d—3+e¢.
Proof. Since estimate (2.2) becomes stronger as A increases, it suffices to consider
the case A > d — 3.

Fix Qg € 0f). There exists g > 0 depending only on the Lipschitz character of
Q such that, after a possible rotation of the coordinate system,

(2.3) QN B(Qo,r0) = {(X',24) € R : 24 > ¢(X')} N B(Qo, 7o),

where 1 : R™! — R is Lipschitz continuous. We may assume that 1(0) = 0,
Qo =(0,0) and 0 < r < ¢oro.

Let A, = {(X",%(X")): |X'| <7}. We choose ¢ € C5°(R?) such that 0 < ¢ <
1, o=1o0n Ag,, p =0o0n 00\ Ag,, and |Vy| < C/r. Also for E C 94, let

1
(2.4) fo= 15 [E fdo.

We now write f = g-+A-+ fa,,, where g = (f — fa,, )¢ and h = (f — fa,, )(1-¢).
Then uy = uy + up + fa,, in Q. By the L? regularity estimate [JK], we have

(2.5)
C
| vupdr<c [ wola<c | Vitas s [ ir—pa P

S C/ |vtf|2 dO’,
Ag,

where we have used Poincaré’s inequality in the last inequality.
To estimate Vuy on A,., we note that u;, = 0 on Ag,.. First we use an argument
originated in [DK] to reduce the surface integral to a solid integral. For 7 > 0, let

(2.6) D, ={(X',zaq) € RY: |X'| < 7and (X') < zq < (X') + 7}
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Then D, C Qif 7 < ¢org. We apply a Rellich identity [JK] on the Lipschitz domain
D, to obtain

(2.7) / |Vup|?do < C |Vup|? do
Ay QNODy,

for t € (1,2). By integrating both sides of (2.7) in ¢ € (1,2), we have

(2.8) / Vun|? do < %/ Vunl2dX < %/ |2 dX,
Ay

27 D3

where we have used the Caccioppoli inequality in the second inequality.
Next, let GX(Y) = G(X,Y) denote the Green’s function for the Laplacian on
Q. Then
oGX
w0l = | [ @) an@)

s/ IVGX|If = fau, | do-
0N\ As,-

Since GX = 0 on 0f), we may use the same argument as in the proof of (2.7)-(2.8)
to show that

(2.10) / VG |2 do < %/ |G(X,Y)]?dY,
Agi \Agj—1, (277) Dyjt+1,\Dyj—2,

where 4 < j < J and 27r ~ cgrg. It is well known that there exists n = n(Q2) € (0,1)
such that for X, Y € Q,

C {dist(X,09)}"

(2.11) IG(X,Y)| < oy
Thus, for X € Ds,,

Cr2n
2.12 Xy < O
( ) /Aw' \Ayj—1 |v | 7= (237’)5171+277

To finish the proof, we note that, by Poincaré’s inequality,

ol
< — — | do
EACTR N N, 1= Ia,|

1/2
<C (2= {/ |vtf|2da}
A .

27 r

1/2
A W o
< C(27r) {/m ol (Q)}

for A > 0. It follows by summation that, if A > d — 3,

A+3—d 2 Yz
I R i U

|fA2.7'7v o fAzi—lr
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Again, by Poincaré’s inequality

/ |f - fAQT i do S 2/ |f - fA2-7'7'|2d0— + C(2jr)d_1|fA2jr,. - fAQ-r
AL .

2

A,
(2.14) 7 o )
< C(2jr))‘+2/ NSO 45,
o0 {|Q[ +r}
This, together with (2.12) and Hoélder inequality, gives
(2.15)
1/2
crn Vif(Q)?
/ VGN|If — fy o < — St [ B o)
Agj, \DBgj—1, (QJT) 2t oQ {|Q| + 7’}

where X € Dg, and 4 < j < J. Similarly, it is not hard to see that for X € Ds,

1/2
X [ IN@P
(2.16) /mwwa |1 — fap|do < O { /| oL@y

In view of (2.9), (2.15) and (2.16), we have proved that if X € D3, and d — 3 <
A<d—3+2n,

1/2
A=dts Vif (Q)F
. O INAZAC)] .
(2.17) un(X)] < Cr {/m pmeel (@)}
By (2.8), this yields
2 A IV f(QP
(2.18) /A Vun2do < C'r /m o3 @

for d —3 < A < d — 3+ 27. Finally it follows from (2.5) and (2.18) that

/ |Vuf|2d0§2/ |Vug|2da—|—2/ |Vuy|? do

219 B N
com [ It

oo {|Q +r}

for d —3 < A < d— 3+ 2n. The proof of estimate (2.2) with ¢ = 2n is now
complete. O

do(Q)

We now give the

Proof of Theorem 1.9 for the case 3 —d—e < a <d—1. Fix Qg € 09. Let w, =
wa(Q) =|Q—Qo|*. If 0 < w < d—1, then —— € A,(0N) for any p > 1. The desired
result is a consequence of Theorem 7.6 in Section 7 for the general A, weights.

We now assume 3 —d — ¢ < a < 0, where € > 0 is the same as in Lemma 2.1.
Let f € L?(09,wy) such that |V, f| € L?(0Q,wy). Since L%(09Q,w,) C L?(99) for
a < 0, the uniqueness follows from an integration by parts. We only need to show
that

(2.20) / |(Vuf)*|2wad0§0/ IV, 2 we do.
o0 o0

Also, since wq, € A4(09) for any ¢ > 1, by Theorem 7.2, it suffices to show that

(2.21) / |VUf|2wadJ§C/ IVif|? wa do.
o0 o0
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To this end, we choose A > 0 so that —a < A < d — 3+ ¢. It follows from (2.2)
that

/ Vur Q) 1Q - Qol* do (@)
o0

o a—1 2
< |04|/0 . {/B(memwuf(cgﬂ da(Q)}dr

© et V@ ol
<c {/an{@—@omrd (@}d

) 0 ,roz-l—)\—l
:C/thf(Qﬂ { | mdr} do(Q)

<c / V7 (QPIQ — Qol* do(Q).
o0

Estimate (2.21) is proved.

Finally we point out that, if 2 is a C! domain, estimate (2.11) on the Green’s
function holds for any n € (0,1). Thus in this case, one may take ¢ = 2 in Lemma
2.1. It follows that Theorem 1.9 holds for 1 —d < o < d — 1 on C* domains. (]

Remark 2.22. The condition 3—d—e < a < d—1+¢ in Theorem 1.9 is sharp. Indeed,
let © C S*! be the complement of a small spherical cap centered at the north pole.
Consider the functions of form u = u(r,#) = r*v(f) on the cone I' = R} x O in
spherical coordinates. Note that Au = 0 in I" if Aga—1v = —=A(A+d —2)v on O,
where Aga-1 denotes the Laplace-Beltrami operator on S¥~1. Let A(A+d—2) be the
first eigenvalue of —Aga—1 on O with the Dirichlet boundary condition and vy the
corresponding eigenfunction. It is known that A — 0 as 0(S?71\ O) — 0 (see e.g.
IKMRI). Let © be a bounded domain such that Q C T, QN B(0,1) =T'N B(0, 1),
and 9Q \ {0} is smooth. Let ux(r,8) = r*vy(6). Note that (Vuy)* ~ |Q|*~! near
Qo = 0. Tt follows that (Vuy)* € L%(99,w,) if and only if @ > 3 —d — 2\. This
implies that for « < 3 —d —2X and f = uy|aq € L?(09), the regularity problem
has no solution with property (Vu)* € L?(92,w,). For otherwise, u would have to
agree with uy, the unique solution for the case o = 0.

Note that, @y (r, 0) =72"9"*v,(6) is also harmonic in 2, and (Viy)* € L?(09Q, w,)
if and only if a > d — 1+ 2\, Let h = Uy|aq € L3(09) and F be the harmonic
function on Q such that F' = h on 9Q and (VF)* € L%(09Q). Then F —uy =0 on
O and (V(F—1y))" € L2(09Q,wa) if @ > d—14+2). Since (V(F—1y))" € L?(09),
we have F' — uy # 0 in Q. This means that if a > d — 1 + 2, the uniqueness fails
for the regularity problem on €.

Remark 2.23. Theorem 1.9 has a counterpart in the exterior domain Q_ = R%\ Q.
Indeed, one can show that there exists e = £(Q2) € (0, 2] such that if f € L3(0Q, w,)
and 3 —d — e < a < d — 1, then there exists a unique harmonic function u on Q_
satisfying (Vu)* € L?(0Q, wa), u = f on 99, and |[u(X)| = O(|X|>*~%) as | X| — oo.
Here (Vu)? denotes the non-tangential maximal function of Vu with respect to Q_.
Moreover, we have

(2.24) (V)i 2209,00) < C {IIVefllL200.w0) + 1 FlL2000,00) } -

Also, if Q is a C! domain, one may take ¢ = 2. The proof, which we omit, is similar
to that of Theorem 1.9. We will need estimate (2.24) in Section 5.
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3. ESTIMATES OF THE NEUMANN FUNCTION

To prove Theorem 1.7, we will need to represent the solutions of the L? Neu-
mann problem in terms of the so-called Neumann function N(X,Y"). The following
estimates are crucial to us:

(31) |N(X, Y)| < |7),_C;|d_2 for any X,Y Eﬁ,
ClYi - Yol
. — < — 1 -
(3 2) |N(X’ Yl) N(X7 Y2)| — |X _ Ylld_2+(§

if X,Y1,Y; € Qand |V, —Ya| < 1| X — Y|, where § = 6(Q) € (0,1). We remark that
estimates (3.1)-(3.2) were established by Kenig and Pipher [KP2] for the divergence
form elliptic operators on star-like Lipschitz domains. However we have not been
able to find a reference in the case of the Laplacian on general Lipschitz domains,
although the estimates seem to be well known to experts. In this section we give
the proof of estimates (3.1)-(3.2) for the sake of completeness.

Let I'(X,Y) = c4/|X — Y|?2 denote the fundamental solution for Laplace’s
equation in R? where ¢; = [(2 — d)|0B(0,1)|[]7!. Fix X € €, let v denote the
unique harmonic function in  such that (VoX)* € L2(9Q),

ovX orx

1
. - - QO
(3:3) o~ on Jo Y

where 'Y (-) = I'(X, -), and

(3.4) / v (Y)dY = 0.
Q
For X,Y € Q, the Neumann function is defined by
(3.5) N(X,Y) =v¥(Y) - T(X,Y).

Using Green’s formulas, it is not hard to show that vX(Y) = oY (X) for X # Y.
Hence

(3.6) NX,)Y)=N({Y,X) for X, YeQand X #Y.
Lemma 3.7. There existrg > 0,6 € (0,1), and ¢ > 0 depending only on d and the
Lipschitz character of 0, such that if u € H'(B(P,7) N Q), Au =0 in B(P,r)NQ

and g—z =g € L®(B(P,r)NIN) on B(P,r)NIQ for some P € IN and 0 < r < ro,
then

1/2
X - XN\’ |[1
(3.8) |u(X1)—u(Xs)| <C<M) <—d/ |u|2dX> + 719l
™ JB(Pr)NQ

r

for any X1, Xs € B(P,cor) N K.

Proof. There exists 71 > 0 depending only on d and the Lipschitz character of Q2
such that for any P € Q, one may find a Lipschitz function ¢ : R~! — R so that
(3.9) QNB(P,r1) = {(X',2q) €RY: 24 > (X')} N B(P,11)
after a possible rotation of the coordinate system. We may assume that (0) = 0
and P = (0,0).

Let D, be defined by (2.6) and

(3.10) D, = {(X',zaq) € RY: |X'| < 7and (X)) —7 < 24 < P(X') +7}.
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Note that D, C Q if 0 < r < ¢1r1 = 9. For X = (X',z4) € RY, let X* =
(X', 2¢0(X") — 24). We extend u to D, by letting % = u on D,., and @(X) = u(X*)
for X € D, \ D,. Then u € Hl(f),a) and is a weak solution of Lu = —2gdu
in l~)r, where L is the divergence form elliptic operator with bounded measurable
coefficients on R? constructed in [DK], Theorem 2.15], and dp is the surface measure
on A, = {(X",9(X’)) e R*: |X'| <r}. Let GE(X,Y) denote the Green’s function
for L on B(0,2ry) and

(3.11) w(X) =2 /A GHX.Q)9(Q) do(Q)

Then L(u—w) =0 in D,. Tt follows from the theory of De Giorgi-Nash-Moser that
there exists 0 > 0 depending on ||Vt such that

for any X7, X5 € ﬁr /2. Using the well-known estimates on the Green’s function
GT, it is not hard to see that

lw(X)| < Crllglls for any X € D,,

(3.13) X, — X1\ ° -
lw(X1) — w(X2)| < Crllgllo (%) for any X1, X5 € D,.
Estimate (3.8) follows easily from (3.12)-(3.13). O
Remark 3.14. Estimate (3.8) implies that
) 1/2
(3.15) sup  Ju(X)| <C <—d/ |U(X)|2dX> + 7 lglloo
X EB(P,cor)NQ ™ JB(Pr)NQ

Remark 3.16. If Q is a C' domain, one may take ¢ in Lemma 3.7 to be any
number in (0,1). This, however, does not follow directly from our proof, since
the coefficients of the operator L are still not continuous. To deal with the C! case,
we use the fact that the Neumann problem in LP is solvable for any 1 < p < oo
[FJR]. This implies that if u € H'(Q2) and Au =0 in €, then

ou
\% aq) < Cll=—r»
[VullL Q) = Han”L (69)

where ¢ = dp/(d — 1). By a localization argument, one may show that if u €
HYB(P,r)NQ), Au = 0, in B(P,r) N Qand 9% = g € L®(B(P,r) N 09Q) on
B(P,r) N oQ for some P € 0N and r > 0 small, we have

(3.17)

) 1/q 1 1/p

— |Vu|?dX <C, — |VulP dX + 9l
d P d

™ JB(P,cr)nQ ™ JB(P,r)NQ

for any 1 < p < oo and ¢ = dp/(d — 1). It follows by an iteration argument that
(3.18)

1 1/p 1 1/2

—~ VulPdX | <Cpq | [Vul?dX | +lgllo
d d

™ JB(P,cr)nQ ™ JB(Pr)NQ
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for any p > d. By Sobolev imbedding and the Caccioppoli inequality, this gives
estimate (3.8) with § =1 — (d/p). We omit the details.

We are now in a position to give the proof of estimates (3.1)-(3.2).

Theorem 3.19. Let N(X,Y) be the Neumann function defined in (3.5). Then
estimates (3.1)-(3.2) hold for some C = C(2) > 0 and § = 6(2) € (0,1). Moreover,
if Q is a C' domain, estimate (3.2) holds for any 6 € (0,1).

Proof. We will give the proof of estimate (3.1). Estimate (3.2) follows easily from
(3.1) by Lemma 3.7 and Remark 3.16.

To see (3.1), we fix Xo,Yo € Q and let r = | Xy — Yp|/4. Suppose that f €
Cee(2N B(Yp,r)) and [, fdX = 0. Then there exists a unique w € H'(2) such
that Aw = f in Q, 22 = 0 on 9, and [, wdX = 0. By the definition of N(X,Y)
and Green’s formula,

(3.20) w(X) = —/QN(X,Y)f(Y) dy.

Since widX = 0, we may use the Sobolev inequality and energy estimate to
obtain

2 2 o
Il g g < Ol =€ | [ wsax]

(3.21)

< Cllwl, g o 191, 2
It follows that
(3.22) Il 25, g < CUSN 2ty o

Now, since Aw = 0 in 2N B(Xp,r) and g—;‘; =0 on 01, by Remark 3.14 as well
as the interior estimates for harmonic functions, we have

1/2
1
w <Xo>|<c{ ; / |w<Y>|2dY}
(3.23) % JB(X0,r)NQ
C
< .
<~ Il g1, o) <~ 111, 0

In view of (3.20), this implies that

(3.24) / NG V)| ay b < -
QNB(Yo,r) rz

by duality.

Finally we apply (3.15) and the interior estimates to the harmonic function
u(X) = N(Xo,X) in QN B(Yy,r). With Holder inequality and (3.24), we may
conclude that

d—

2d

1 2d T
N(Xo,Yy)| <C —/ N(Xo,Y)|a2 dY 4+ =
[N (Xo, Yo)l (rd s VoY) 6]

C

pd—2"°

(3.25)

<

The proof is complete. O
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Remark 3.26. The Neumann function for the exterior domain Q_ = R¢\ Q may
be constructed in a similar manner. Indeed, for X € Q_, we let vX be the unique

harmonic function in Q_ such that (VoX)* € L%(99), ag; = % on 99, and
[vX (V)] = O(|Y|*"?) as [Y| — oco. We define N(X,Y) = vX(YV) — T'(X,Y) as
before. The estimates (3.1)-(3.2) may be proved by the same argument as in the
bounded case.

4. THE PROOF OF THEOREM 1.7

In this section we give the proof of Theorem 1.7.
We begin by noting that if w is a harmonic function in £ such that (Vu)* €
L2(092) and g—z = f € L?(09) on 99, then
(4.1) wX)= [ NX,Q)f(Q)do(Q)+ 77
a0 109 Jaq
This follows easily from the definition of the Neumann function and Green’s for-
mula.

udo.

Lemma 4.2. Let u be a harmonic function in  such that (Vu)* € L*(9S2) and
g—z = f on 0. Then for any Qo € O and r > 0,

|Q — Qo

A
—_— 2 (o}
o) QP @),

(4.3) /}km KV@WQdeQ)<CAAQ{

|Q—Qo|>r
where 0 <\ < d— 1.

Proof. As in the proof of Lemma 2.1, we may assume that Qo = (0,0) and
(4.4) QN B(Qo,m0) = {(X/,{Ed) eR®: Tq > Q/J(X,)} N B(Qo,r0),

where 1) : R?~! — R is Lipschitz continuous. Clearly it suffices to consider the case
0<r<rg.

Recall that A, = {(X',zq) : |X'| <r}. Let f =g+ h where g = (f — fa,)Xxa.-
Let
(4.5) v(X)= . N(X,Q)9(Q)do(Q) and w(X) = - N(X, Q) h(Q) do(Q).
Then u = v + w + k where k is a constant. By the L? estimate [IK],

/ waﬁwgc/wwMgcﬂﬁmf+c/ ]2 do
90\ Ag,. 00 0\A,

c

(4.6)
<& Iﬂ@WQWd@+CAMAm%m

T)\ A,
where 0 < A < d — 1.

To estimate (Vv)* on 92\ As,, we note that 92 = 0 on 9Q\ A,. Also for X € Q
and dist(X, A,) > c¢r, in view of estimate (3.1) and (4.5), we have

C
(47) IWW<BF3A}WMM@)

Let Ej = Ay, \ Agi-1,., where 4 < j < J and 277 ~ rq. For Q € Ej, let
(4.8) Mi(F)(Q) =sup {|F(X)|: X €(Q) and | X — Q| < 627},
(4.9) My(F)(Q) =sup {|F(X)|: X €v(Q) and | X — Q| > 6271},
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where v(Q) = {X € 2 : | X — Q| < 2dist(X,0Q)} and 6 is chosen so that for Q €
E;, Mi(F)(Q) is less than the non-tangential maximal function of F' with respect
to the domain Dyj+1,.\ Daj-2,. defined in (2.6). Clearly (Vv)* < My (Vv)+ Mz(Vv).

Note that if X € 7(Q) and |X — Q| > 6277, we may use the interior estimate
and (4.7) to obtain

C
—_— v(Y)|dY
(ZJT)d+1 /B(X,chr) | ( )|

C
(4.10) < W/A | f| do

d—X—1

< ((32—) { /. |f<@>|2|c2|*do<@>}1/2,

r

[Vo(X)| <

where 0 < A < d — 1. It follows that

aiy [ ot < o [n@Pier i@

J

For M;(Vv) on Ej, we use the L? estimate on the Lipschitz domain D, \ D74,
where 7 € (29r,2971r) to obtain

(4.12) / My (V)2 do < C V0|2 do.
E; QNI(D-\D~/4)

Integrating both sides of (4.12) in 7 € (297, 2971r) then yields
2 ¢ 2
/ ML (V)2 do < — Vol? dX
B

. T JD, 41, \Dyj—2
4.1 J 20+l \Hoj—2,
(4.13) o

S —/ |'U|2dX,
(2jr)3 Dyj+2,\Dyj-3,

where the second inequality follows from the Cacciopoli inequality. This, together
with (4.7), gives

a [ et < o [r@Pier i@

It follows from estimates (4.11) and (4.14) by summation that

. C
(415) [ wwra =S [ n@piera@.
Acyro\Agr ™ Ja,
The same argument can also be used to show that
/ (Vo) 2 do < C o] dX
8Q\Ac0r0 QﬂB(O,ClTo)

(4.16)
<5 [ r@Par ).
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Thus we have

/ |(Vu)* |2 do < 2/ [(Vo)* 2 da—l—Z/ |(Vw)* | do
09\ Ag, OO\ Ag, OO\ Ag,

C
(4.17) <5 [ QP e [ P
™ JA, AO\A,
<o [ LUV o
— Jaa LIQ|+
From this, estimate (4.3) follows easily. The proof is complete. O

Lemma 4.18. Let u be a harmonic function in Q such that (Vu)* € L?(0Q) and
g—fb = f on 0. Then there exists € = () € (0,2] such that for any Qo € 9N and
r >0,

f(@QF

4.19 v 2d <C A _ @ |
Y /Q?gz(ll@l uld = O /852 {1Q = Qo| +r}* 7(@)

where 0 < A <d—3+e. If Qis a C* domain, one may take ¢ = 2.
Proof. We may assume that Qo = (0,0) and
(420) aQn B(Qo,ro) = {(X/,{Ed) eRe: xTq > Q/J(X,)} n B(Qo,ro),

where 79 = 79(Q) > 0 and ¥ : R! — R is Lipschitz continuous. Also we only
need to consider the case 0 < r < corg.

Let f =g+ h, where g = (f — fas.)XAg,.. Let
(4.21)

ug(X) = [ N(X,Q)g(Q)do(Q) and up(X)= [ N(X,Q)h(Q)do(Q).

o0 o0

Then u = uy + up, + k for some constant k. By the L? estimate,

(4.22) / |Vug|2dJ§C/ |g|2dU§C/ |f? do(Q).
A, o0 Agy

To estimate Vuy on A,, we first use a Rellich identity on the domain D, for
T € (r,2r) to obtain

(4.23) / Vun|? do < c/ W2 do + c/ Vun 2 do.
A, Agy QnaD,
Integrating both sides of (4.23) then yields
(4.24) / |Vup|? do < C/ |f|? do + 9/ |V, |? do.
JANS Agy r 2r

By the proof of the Cacciopoli inequality,

C C )
(4.25) / Vup|? do < —2/ lup — B2 dX + / 1= g, — B do,
Da, r D3, 3r on

T JA

where [ is an arbitrary constant. It follows from (4.24)-(4.25) that

(4.26)/ |Vuh|2dU§C/ |f|2da+%/ |uh—ﬂ|2dX+£2/ lup, — B2 do.
A, Az ™ JDj. r

3r
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Now note that

un(X) = / N(X,Q)F(Q)do(@Q) + fay, | N(X.Q)do(Q)
AN\ Agr

Asgy

Agy

_ /{W (N(X,0) — N0,Q)} F(Q) do(Q)+ 8+ far, | N(X,0)do(Q),

where we have let

(4.27) B= N(0,Q) f(Q) do(Q).
o0\ A,
It follows from estimates (3.1)-(3.2) that for X € Ds,.,
un(X) =gl <Crd HUCIE do(Q)+Cr
() =20t [ (@) + i,
(428) 9 1/2
< Crlfag |+ 05" / |f(Ql| do(Q) :
o\As Q|
where 0 < A < d — 3+ 20. This, together with (4.26), gives
2
(4.29) / |Vup|? do < c/ |f)? do + C |f(Ql| do(Q).
A, Asgy oo\As Q|
Thus
/ |Vu|2d0§2/ |Vug|2d0—|—2/ |Vun|? do
A A A,
2
(4:30) <o [ frdo+cr O 45()
A8r BQ\Agr |Q|
2
< CT)\/ |f(Q)| S dO’(Q),
oo {|Q + 1}

where 0 < A < d — 3 + 2§. Estimate (4.19) with € = 26 now follows.
Finally we call that if € is a C* domain, we may take § to be any number in
(0,1) (see Remark 3.16). This implies that (4.19) holds for any 0 < A <d —1. O

We are now ready to give to

Proof of Theorem 1.7. First we point out that the case 3 —d — e < a < 0 follows
from Lemma 4.18 by the same argument as in the proof of Theorem 1.9, given in
Section 2.

The case 0 < a < d — 1 will follow from Lemma 4.2, as well as the solvability
of the LP Neumann problem for 1 < p < 2 [DKJ. Indeed, since L?(99Q,wsdo) C
LP(09) for some p = p(a) € (1,2) by Holder’s inequality, the uniqueness (up to a
constant) follows directly from the uniqueness in LP. To prove the existence, we fix
g € L*(09Q, wado) with [, gdo = 0, where wa = wa(Q) = |Q — Qo|*. Let u be a
harmonic function in © such that (Vu)* € LP(9Q) and $% = g on 9Q. We need to
show that

(4.31) (V) (|22 (00.00d0) < Cll9llL2(00.00do)-
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To this end, we let

Q) = 9(Q) fOl"QGC?Q\B(Qoﬁ)
o gB(Qo,Jl)OBQ for Q € B(QO; ) N ox.

It is easy to see that g; € L?(99Q), [, 9jdo =0, and g; — g in L*(9Q,wado) as
j — 0.

Let u; be a harmonic function in  such that (Vu;)* € L*(9€) and % = g; on
Q. Choose ) € (a,d — 1). We multiply both sides of (4.3) by 7®~! and integrate
the resulting inequality in r € (0,00). This gives

/IWWFWQ—QJWNQ
o0

scéwwl{émﬂmemed@}w
am) <o [ {/ QAQQjﬂT)\%@wa«w}m
:CAQMK%F{AwW*(K¥g%%hjkw}wﬂ@

sc/Ww@W@—%ww@»
o0

(4.32)

Finally, since g; — g in L?(0R) for some p > 1, we have (Vu;)* — (Vu)* in
LP(0Q) by the LP estimate [DK]. Thus there exists a subsequence {u;, } such that
(Vu;)* — (Vu)* a.e. on 99Q. This, together with (4.33) and Fatou’s Lemma, gives
the desired estimate (4.31). The proof is complete. O

Remark 4.34. It is not known whether the condition & > 3 — d — € in Theorem
1.7 is sharp. However, condition o« < d — 1 is necessary even for smooth domains.
Indeed, let Q be the unit ball centered at the origin. The Neumann function for €
is given by

1 1
4.35 N(X,)Y) = —
% o) = ey + )

where Y = Y/|Y|2. Suppose that the Neumann problem (1.4) is uniquely solvable
(modulo constants) for every g € L*(99,w) with [, gdo = 0. It follows from the
Banach open mapping theorem that

(4.36) 1T:(9) 2 (002.0) < CllgllL2(00,w);
where

B
T(f)(P)= | =5{N(P,Q)}g(P)do(Q)
(4.37) /a” oF;

=2(2— d)cd/ |P g{d 9(Q) do(Q).

By an argument similar to that in [St3l pp. 210-211], this implies that w is an Ay
weight on 0. In particular, if w = w,, then 1 —d < o < d— 1.
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Remark 4.38. Theorem 1.7 also holds on the exterior domain Q_ = R9\ Q if we
impose the condition u(X) = O(|X|?>~%) as |X| — oo in (1.4). In this case the
mean zero condition on ¢ is not needed.

5. THE INVERTIBILTY OF LAYER POTENTIALS ON L?(9€,w,)

In this section we study the invertibilty of the layer potentials on L?(9, w, ).
We also give the proof of Theorem 1.5.

Let I'(X —Y) = I'(X,Y) denote the fundamental solution for A on R¢. For
f€LP(ON) and 1 < p < o0, let

(5.1) S()(X) = - /8 T(X - Q)(Q)dr(Q)
0
(5.2) PN =~ [ 5 (T - Q)@ do (@)

The functions S(f) and D(f) defined on R%\ 99 are called the single layer potential
and double layer potential of f, respectively. Let Ty and T_ denote the normal
derivatives of S(f) as a function in ; = Q and Q_ = R%\Q, respectively. Then one
has the jump relation Ty —T_ = I. Moreover, Dy (f)|aq = T*(f) and D_(f)|an =
T (f), where D1 (f)|sq denotes the non-tangential limit of D(f) on 0 taken from
Oy, and T is the adjoint operator of T4.. The boundedness of T4 on LP(99)
is a consequence of the boundedness of the Cauchy integrals on Lipschitz curves
[CMM]. See e.g [V1] for details.

Let L{(02) = {f € LP(8Q) : [, fdo =0}. Then there exists ¢ = €(Q2) > 0
such that for 1 < p < 2 + ¢, the operators Ty : L{(0Q) — LH(09Q) and T- :
LP(02) — LP(0R) are invertible. This was proved in [V1] for p = 2, and in [DK]
for the optimal range 1 < p < 2+ ¢.

Since Ty are Calderén-Zygmund operators on 92 and w, € A3(9Q) for 1 —d <
a < d—1by (1.11), Ty are bounded on L?(9, wado). This follows directly from the
general theory of weighted norm inequalities for singular integrals [CF]. Moreover,
we have

(5:3) (VS ll200.wa) + 1P L2 00.00) < ClFlL2(00,w0)-

We should point out that for the power weight w,, the weighted norm inequalities
for singular integrals were obtained earlier in [St1].

With Theorem 1.5, Theorem 1.7 and their counterparts in Q_ (see Remarks
2.23 and 4.38) at our disposal, we are able to establish the invertibility of T4 on
L?(0Q,wy) for 3—d—e<a<d-—1.

Let L3(0Q, wa) = {f € L*(0 wq) : [y, fdo =0}.

Theorem 5.4. There ezists € = () € (0,2] such that for3—d—e<a<d-—1,
the operators Ty : L3(0Q,ws) — L3(0,wes) and T— = L2(0Q,ws) — L2092, wy)
are invertible. Moreover, if Q is a C' domain, one may take ¢ = 2.

Proof. We give the proof of the invertibility of T on L2(92,w,). The invertibility
of T_ on L?(99Q,w,) may be handled in the same manner.

First, we note that since L3(0Q,w,) C LH(9S) for some p € (1,2) and T} is
one-to-one on L5 (99Q), Ty must be one-to-one on L(9Q, wy).

To show Ty : LE(0Q,ws) — L3(0Q,w,) is onto, we let f € LE(09,w,) and
u = 8(f). Using the jump relation and Remark 2.23 for the regularity problem in



WEIGHTED L? ESTIMATES 2859

Q_, we have
1 fllz200,00) < 1T ()l 2200,wa) + 1T= ()l 22(00,00)
<N ()l 200,00 + C VSN2 00,00) T 1S L2(09,0.) }

<N (Nl 2 00,wa) +C {|Vt5(f)||L2(aQ,wa) + ‘/og S(f)do },

where we have used Poincaré’s inequality in the last inequality. It follows from
Theorem 1.5 that

(5.6) Te {||T+<f>|Lz<m,wu> ; \ /8 () do

This implies that the range of T : L3(0Q,ws) — L3(0Q, w4 ) is closed.

If 0 < o < d— 1, the range of Ty : L3(0Q, wq) — L3(0Q, wy) is also dense. This
is because L2(99) is dense in L2(9€,w,) and T is invertible on L3(99). It follows
that T} : L2(0Q, wa) — LE(09,w,) is onto, and hence invertible.

Finally suppose 3 —d — e1 < a < 0, where £ is the smaller of the two &’s in
Lemma 4.18 and Remark 2.23. Note that we may take ¢; = 2 if Q is a C' domain.
Let g € L3(09Q,w,). Since L3(09Q,w,) C L3(99Q), there exists f € L3(99) such that
Ti(f) = g. Let u = S(f). Tt follows from Lemma 4.18 that Viu € LE(99Q,wq).
By Remark 2.23, (Vu)? € L3(09Q,w,). It follows that T_(f) € L3(0Q,w,). Thus
f=T4(f) = T_(f) € L3(09Q,w,). This shows that Ty : L3(0Q,wa) — L3(0Q, wy)
is onto, and hence invertible. The proof is now complete. O

(5.5)

We end this section with

Proof of Theorem 1.5. Let f € L?(0Q,w,) and u = D(f) be the double layer
potential of f. Then uy = T*(f) on 9Q. By Theorem 5.4, T_ is invertible on
L2(09Q,wg) for 3—d—¢ < a < d—1 for some € € (0,2]. It follows from duality that
T* is invertible on L?(9Q,w,) for 1 —d < a < d — 3 + €. This gives the existence
of solutions as well as estimate (1.6). Note that we may take ¢ = 2 if Q is a C*
domain.

For 1 —d < a < 0, the uniqueness follows from the uniqueness of the Dirichlet
problem with data in L2(0Q) [D2], since L?(0Q, wado) C L*(09).

To show the uniqueness for the remaining case 0 < o < d — 3 + €, we suppose
that w is a harmonic function in Q such that (u)* € L?(0Q,w,) and u = 0 on 9.
We may assume that Qo = (0,0) and

(57) QﬂB(Qo,To) = {(X’,:cd) S Rd L xg > 1/)(X/)} ﬂB(Qo,To)

for some rg > 0 and some Lipschitz function ¢ with 1(0) = 0. Counsider the inverted
cone

1
(58) ’)/j_{(X/,{Ed)Z :L'd<—K|X,|+3},

where K = 2|V¢||oo + 1. Let Q; = Q\ (v; N B(Qo,70)) for j large. Then
is a bounded Lipschitz domain with connected boundary and uniform Lipschitz
character. Let G;(X,Y) denote the Green’s function for the Laplacian on ;. Fix
X € Q. Since the non-tangential maximal function of u with respect to the domain
Q; is in L*(09;), we have

8G§(

(5.9) w(X) = o,

u(@Q)do(Q)
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for j sufficiently large, where Gf() = G;(X,-). It follows that

ux)|< [ V6K Qu(@)]do(Q)
0%
(5.10)

X 2 _ 1= o ’
g{/mjwaj QPIQ - Q) d(@)} {/m

where Q; = (0, jl)

Finally we note that G;(X,Y) may be written as I'(X —Y) — W;*(Y), where
WjX is the harmonic function in Q; such that (VW]X)* € L*(0Q;) and WJX(Q) =
I'(X — Q) on 99;. By Theorem 1.9 (for the case 3 —d — e < a < d — 1 which we
have proved), we have

[w(@)I’|Q - Q41 dU(Q)} :

J

/ VEEQPIQ - Qi do(Q)

O ;

(5.11) ’

< O/ VI(X — Q)PIQ — 0, do(@) < Cx.
0%

where C'x is independent of j. It follows from (5.10)-(5.11) that

u(X)|? < Cx /8 W(Q)PIQ — Q[ do(Q)

J

<Oy / ()2 Q[ dor(Q) — 0
B(0,£)NoQ

as j — 0o. Thus u(X) = 0. The uniqueness is proved. O

Remark 5.12. The condition o < d — 3 + ¢ in Theorem 1.5 is sharp. To see this, we
recall the Lipschitz domain € and the harmonic function uy = r*v A(6) constructed
in Remark 2.22. We may assume vy(6) > 0 since it has a constant sign. Let
GX(Y) = G(X,Y) be the Green’s function on Q. Fix Z € Q. Since uy > 0 in
and vanishes on B(0,1) N 02, we may use the comparison principle (see e.g. [K2I
p. 10]) to show that |[VGZ(Q)| > ¢|Vuxr(Q)| ~ |Q|* ! for Q € B(0,1/2) N 9N. It
follows that |%| ¢ L?(0Q,w,) if <3 —d— 2\

Now suppose that the Dirichlet problem (1.3) is uniquely solvable for every
[ € L399, w,). Let f € C(09) and uy be the solution of the classical Dirichlet
problem with data f. Then

(5.13) |uf(Z)|§C'/ |(uf)*|2wad0§0/ ]2 we do
o0 o0

By duality, this implies that |%| € L?(0Q,w_,). Tt follows that the Dirichlet
problem (1.3) is not uniquely solvable for o > d — 3 + 2.

6. THE PROOF OF THEOREM 1.9 FOR THE CASEd—1<a<d-—1+¢

In this section we complete the proof of Theorem 1.9 by finishing the remaining
case d —1 < a < d—1+e. Recall that for f € L?(09Q), us denotes the unique
harmonic function in Q such that (u)* € L?(9) and u = f on 9.



WEIGHTED L? ESTIMATES 2861

Lemma 6.1. There exists ¢ € (0,2] such that if f and |V.f| € L?(0Q), then

[ eon (Vs o
(6.2) [Q—Qo|>r

Q= Qo )( 2, QP ) J
=4 /asz <|Q = Qo| +r Ver@I"+ 1Q — Qol? 7@)
for any Qo € O and r > 0, where A € [d—1,d—1+¢). If Q is a C' domain, one
may take e = 2.

Proof. Assume Qg = 0. We proceed as in the proof of Lemma 2.1. Let f = g + h,
where g = fo, h = f(1 — ¢), and ¢ is a function in C§°(R?) such that 0 < ¢ < 1,
p=1lonA,, p=0o0n0d02\ Ay and |[Vp| < C/r. Then u = uy + up. By the L?
regularity estimate,

(6.3)

C
/ |(Vuh)*|2dJ§C/ |Vth|2da§C/ |th|2da+—2/ |fI? do.
a0 a0 AO\A,. ™ Jas\A,

To estimate (Vug)* on 092\ A, we note that g = 0 on 0Q \ Ag,. Let E; =
Agi, \ Agj-1, where j > 5. As in the proof of Lemma 4.2, we have (Vu,y)*(Q) <
Mi(Vug)(Q) + M2(Vug)(Q) for Q € E;, where My, My are defined in (4.8)-(4.9).
By an argument similar to (4.12)-(4.13), we may show that

C
(6.4) / M (V)2 do < —2— / g (X)[2 dX.
E; ! (2]T)3 Dyjt+2,\Dyj-3, !
Note that for X € Dyjt2,. \ Doj-3,., we have

g (X)) < / VEX (@) 1£(Q)] do(@Q)
(6.5) ’

r

<{/ e @ |@|“do<c2>}1/2 {/ If(Q)IQIQl”dU(Q)}m,

where GX (Y) = G(X,Y) denotes the Green’s function on Q.
We now apply Theorem 1.9 for the case 3 —d — ¢ < a < 0 to the harmonic
function GX(+) on Lipchitz domain Dy, with ¢ € (2,5/2). This gives

/ IVGX(Q)PIQP M do(Q) < C IVGX(Q)2Q* do(Q)
(66) 2r QNODy¢,

< 02> /Q NG QP do(@)

ford—1< A <d—1+¢, where e =£(Q) > 0. From (6.6), by a familiar integration
argument and the Cacciopoli inequality, we obtain

/ VEX(Q)PIQP do(Q) < Cr i / GX(Y)[2dy

AQT D37'
(67) Cr—l—/\+d+2n

= (2ir)2d—4+2n
where i € (0,1). In view of (6.4)-(6.5) and (6.7), we have proved that

7,—)\
(ORI M (V) e < G QP01 (@)
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We point out that the same estimate can also be proved for M>(Vu,) on Ej, using
the interior estimates and (6.5)-(6.7). Thus, by summation, we have
" c -
(69 [ VurPae < [ ir@F P
ON A, ™ JAg,

ford —1 < A< d—1+e¢€. It is not hard to see that the desired estimate (6.2)
follows from (6.3) and (6.9).

Finally we note that € depends on the Lipschitz character of the domain D,. If
Q is a C!' domain, one may take ¢ = 2. To see this, it suffices to observe that in
place of D, we may construct a continuum of C'-domains €, such that Q, C D.,
and A, C 99, NIN. This completes the proof of Lemma 6.1. O

Lemma 6.10. Let € € (0,2] be given in Lemma 6.1. Suppose f, |Vif| € L*(05).
Then

(6.11) / |(VUf)*|2wadU§C/ Vi f|? wa do
o0 o0

foranyd—1<a<d—1+¢e. IfQisaC' domain, one may take ¢ = 2.

Proof. Let « € [d—1,d—1+¢). Choose any A € (a,d — 1+ ). We multiply both
sides of (6.2) by 7®~! and integrate the resulting inequality in 7 € (0,00). This
gives

(6.12) / |(Vuf)*|2wad0§0/ |th|2w(,da+0/ 1F[2 wa_s do-
o0 o0 o0

By Hardy’s inequality, one may show that

(6.13) / P wa_sdo < c/ Vo f|?wa do + C 1f1? do.
o0 o0 O\ B(Qo,co)
It follows that
(6.14) / (Viig)* | wa do < C / Vo f|? wa do + C \f — k[? do
o0 o0 OO\ B(Qo,co)

for any constant k& € R. Finally, let k& = fs0\B(Q,,co) Pe the average of f over
00N\ B(Qo, o). By Poincaré’s inequality, we have

/ |(VUf)*|2wadJ§C/ \Vif2wado +C |V f|? do
(6.15) o0 o) 90\ B(Qo,c0)

< 0/ Vi f|? wa do.
o0
The proof is finished. O

The following lemma will be used to prove the uniqueness.

Lemma 6.16. Let u be a harmonic function in Q. Suppose a > 3 —d. Then

(6.17) / |(u)*]? wa—2do < C |(Vu)*|> wa do + C sup |u(X)|?,
o9 o9 XeK

where K is a compact subset of Q.
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Proof. By approximating €2 with a sequence of smooth domains, we may assume
that u € C1(Q2). Let p € (1,00) and g = (2p—1)/(2p—2). It follows from the proof
of Lemma 2.2 in [B] that

618) ()" < C{S@Y {Lyy((Vay 0} 4 O suplul,
K

where S(u) denotes the square function of u (see (7.17)) and I, /, is the fractional
integral operator of order 1/¢ [St2]. It follows from Hélder inequality that

(6.19)

/ ()" P2 do
o0

1

<of [ sl eaade} { [ {10500} nado}” 4 C suplul?,
bGle} a1 K

where p’ = p/(p — 1). This, together with Dahlberg’s square function estimates

D3] and Holder inequality with an ¢, implies that

(6.20) /|(u)*|2wa_2d0§0 (12 (V) 15} o do + C supul?.
0 a1 K

Finally, we choose p € (1,00) so that p’ > a/(d — 1). The desired estimate (6.17)
follows from the weighted norm inequalities for the fractional integral operator I /,
(see e.g. [SW)). O

We are now in a position to give

Proof of Theorem 1.9 for the case d —1 < a<d—1+¢. We begin with the
uniqueness. Suppose that Au = 0 in Q, v = 0 on 99 and (Vu)* € L2(0Q,w,)
for some d—1 < a < d—1+ ¢, where ¢ is the smaller of the two &’s in Theorem 1.5
and Lemma 6.10. By Lemma 6.16, this implies that (u)* € L?(0,wq—2). Since
a—2¢€ld—3,d—3+c¢), by the uniqueness in Theorem 1.5, we have v = 0 in .

To show the existence, we let f € L#(9€,w,) for some a € [d—1,d —1+¢). By
(6.13), f € L?(0Q,wq—2). It follows from Theorem 1.5 that there exists a harmonic
function u on Q such that (u)* € L?(0Q,wq—2) and u = f on 9. Also, since
L2(09) is dense in L?(09Q,w,), there exists a sequence of functions {f;} in L?(99)
such that f; — f in L}(0Q,w,). It follows from estimate (1.6) that uy, — u
uniformly in any compact subset of 2. By Lemma 6.10, this implies

(6.21) / |(vu)§|2wadagc/ Vi f|? wa do,
oN oN

where (Vu)}(Q) = sup{|Vu(X)|: X € Qand ¢ < |X — Q| < 2dist(X,0)}. The
desired estimate follows from (6.21) by the monotone convergence theorem. The
proof is finished. U

7. ESTIMATES WITH A, WEIGHTS

In this section we establish two weighted estimates with general A, weights for
the Dirichlet and regularity problems in Lipschitz domains.
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Recall that for 1 < p < 0o, a non-negative, locally integrable function w on 952
is called an A, weight if

p—1
1 1 1
(71) ﬁ/ wdo - ﬁ/ w1 do §A<OO
r B(Q,r)nNan r B(Q,r)nNan

for any @ € 99 and 0 < r < diam(9Q). The smallest constant A for which (7.1)
holds is called the A, bound of w. We will write w € A,(09) if w is an A, weight
on 9. It is well known that w € A,(99Q) implies that w € A,(0€) for some ¢ < p,
where ¢ depends on the A, bound of w. We refer the reader to [St3] for the elegant
theory of A, weights as well as the definitions of A; and A, weights.

Theorem 7.2. There ezists § € (0,1] such that if f € L*(0Q,w) and w € A,(09Q)
with p = 1 4§, then there exists a unique harmonic function u in Q0 such that
(u)* € L*(0Q,w) and u = f on Q. Moreover, we have

(7.3) (W) lz200.0) < Cllfllz2(00.0)
where C' depends on the A, bound of w. If Q is a C' domain, one may take 6 = 1.

Proof. Tt follows from [D2] that there exists e € (0, 1] such that given any f €
L1(09Q) with 2 — e < ¢ < o0, there exists a unique harmonic function u such that
(u)* € L9(0Q) and u = f on 99Q. Furthermore, the solution u satisfies

(7.4) (u)* §CS{M(|f|S)}1/S for any 2 — e < s < o0,

where M denotes the Hardy-Littlewood maximal operator on 9. In the C! case,
one may take ¢ = 1.

Welet 6 = ¢/(2—¢). Recall that w € A;145(9) implies that w € A,(0Q) for some
1 < p < 1+446. Also, by Holder inequality, L2(0Q,w) C L4(99Q) if 1 < ¢ < 2 and w is
an Ay, (09Q) weight. Thus if w is an A;45 weight on 99, then L?*(0Q,w) C L(99)
for some 2 — ¢ < ¢ < 2. The uniqueness in the theorem follows from [D2].

To show the existence as well as estimate (7.3), we let f € L?(9Q,w), where
w € A,(09Q) for some 1 < p < 1+ 6. Because L%(9Q,w) C LI(0N) for ¢ = 2/p €
(2 — ¢,2), there exists a harmonic function satisfying v = f on 9Q and estimate
(7.4) for 2/(6 +1)] < s < 0. Let s = %. Since s > 2/(1 + §), we have

/89|(u)*| wdo < C /m{M(|f|S)}?wda

(7.5)
<C |f|? wdo,
o0
where we have used the weighted norm inequality for the operator M in the second
inequality [M]. The proof is complete. O

The rest of this section is devoted to the proof of the following theorem on the
regularity problem.

Theorem 7.6. There exists § € (0,1] such that if f, |Vif| € L*(09%, 1) and w €

Ap(0Q) with p = 14 6, then there exists a unique harmonic function u on
satisfying (Vu)* € L?(09, %) and v = f on 092. Moreover, we have
(7.7) [(Vu)*llz200,2) < ClIVeflliL200,2),

where C' depends on the A, bound of w. If  is a C' domain, one may take 6 = 1.
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To prove Theorem 7.6, we follow an approach found in [V1], where it was used
by Verchota to establish the solvability of the L? regularity problem for 1 < p < 2.
We will first prove Theorem 7.6 for the starshaped Lipschitz domains.

Lemma 7.8. Let Q be a starshaped Lipschitz domain in R, d > 3. Let § € (0,1]
be given by Theorem 7.2. Then if Au =0 in Q and (Vu)* € L*(0Q, 1) for some
w € A145(092), we have

(7.9) ||VUHL2(BQ,5) <C ||Vt“||L2(897%>'

Proof. Recall that w € A;45(0) implies that w € L1(9NQ) for some g > 1. Tt follows
from Holder inequality that L?(0€, 1) c LP(9) for some p > 1. Consequently,
Vu has non-tangential limit a.e. on 99 if (Vu)* € L*(9Q, 2).

We may assume that Q is starshaped with respect to the origin and u(0) = 0.
Let g be a Lipschitz continuous function on 9€2 and v its harmonic extension on €.

We shall use a radial version of the conjugate harmonic system for v, introduced in
[V2] (also see [PV]). Let

(7.10) H(X):/OIU(TX)%, for X € Q.

Then AH =0in Q and X - VH(X) = v(X). We claim that
(7.11) I(VH)||L200,0) < Cllgll200,0)-

Assume (7.11) for a moment; we give the proof of estimate (7.9).
It follows from integration by parts that

%gdaz/ u@da
39871 ‘

7.12 —/ ua—HdU—i—/ umi on do
( ' ) a o0 on a0 j&tij 8.131

:(2—d)/ ua—Hda—/ Ou OH
4] o

Ti—
Q on o0 j&tij 8331

where % = ni% — nja%i is a tangential derivative, and we have used the con-
vention that repeated indices are summed from 1 to d. We point out that with
estimate (7.11), we may justify the integration by parts argument in (7.12) easily
by approximating 2 from inside with a sequence of starshaped smooth domains

(see e.g. [IK]). Tt follows from (7.12), Cauchy inequality and (7.11) that

ou
— gdo

where ugg = \8_19\ Joq udo. Since w € A3(992), we have L € A3(892). By [FKS], we
have

(7.13) < € {IVeull2o0,1) + lu = wool 200, 1) } lglza@n.0),

(7.14) v —uoqllz290,1) < ClViullr2o0,1)-

Hence, by duality, estimate (7.13) gives

Oou
(7.15) H%HL%DQ,%) < ClVeull 200, 2)-

Estimate (7.9) now follows.
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Finally we need to prove the claim (7.11). The proof is similar to that of the L?
case in [V2]. Indeed, since AH =0 in 2 and w € A, (9), by the square function
estimates in [D3],

(7.16) [(VH)"[[1200.w) < ClIS(VH)| L2(60,0)
where S(h) is the square function defined by

1/2
(7.17) S(h)(Q) = { / o [THOOP X - @|“dX}

and 7(Q) = {X € Q: dist(X,09) < 2|X — Q|}. Let S(h) denote a square func-
tion defined similarly using (Q) = {X € Q: dist(X,09Q) < 4|X — Q|}. Then an
argument similar to that in [St2] pp. 213-216] shows that

@18 s(5) @< {80)Q+ 3@+ suw X},

ZT; XeK

where K is some compact set in 2. Again, by the square function estimates in [D3],
we obtain

(VH) |l 260.0) < C {Il(v)*[IL2(002.w) + 1 (H)*l2(69,0) }
<C H(U)*”L?(Bﬂ,w)
< Clgllzzo0.w)
where we have used Theorem 7.2 in the last inequality. This completes the proof.

O

The following lemma for the exterior domain 2 = R%\ Q may be proved by the
same argument as in the proof of Lemma 7.8. We remark that in place of (7.10),
one should use

(7.19) H(X)=— /100 v(rX) %.

Lemma 7.20. Let Q) be a starshaped Lipschitz domain. Then there exists 0 € (0, 1]
such that if Au = 0 in Q_, (Vu); € L?(8Q,2) for some w € A115(0Q), and

€

lu(X)| = O(|X|?>~%) as | X| — oo, then

(7.21) IVl 2o, 2) < € {IVellzao0,2) + lullz2on1) § -
If Q is a starshaped C' domain, one may take § = 1.
Lemma 7.22. Theorem 7.6 holds if in addition, we assume that  is starshaped.

Proof. Suppose that € is a starshaped Lipschitz domain. Since L?(952, %) -
L1(0Q) for some ¢ > 1 if w € A,(0) for some p > 1, the uniqueness part of
the theorem follows from the uniqueness of the L? regularity problem.

Note that if w € A2(99Q) and S(f) denotes the single layer potential of f, then

(7.23) VS 00,1y < C 12001

Thus, to establish the existence and estimate (7.7), it suffices to show that S :
L2(09, L) — L}(09, 1) is invertible if w € A1, () and & = 61(2) > 0 is small.
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To this end, we use Lemmas 7.8 and 7.20 to obtain
12200, 1) < 1T+(Pll200,2) + IT-(F)ll2200,2)
<C {”vts(f)”L?(aQ,%) + ||S(f)||L2(BQ,%)}

if we A1, (02) and 6; > 0 is the smaller number of the two §’s in Lemmas 7.8
and 7.20. This shows that the operator & : L*(0Q, 1) — L2(8Q, 1) is one-to-one
and the range is closed.

Finally, since S : L1(9Q) — L{(09) is invertible for some ¢ > 2 [V1], [DK] and
L9(0Q) C L*(09Q, 1) ifw € AQ(l—é)a we conclude that the range of § : L?(9€2, 1) —
L3(09, 1) is dense if w € A11s, and 61 < 1 — (2/q). The invertibility of S on
L2(89, 1) now follows. Note that if Q is a C' domain, then & : LY(0Q) — L{(0%2)
is invertible for any 1 < ¢ < oo [FJR]. An inspection of the proof given above for
the Lipschitz domains shows clearly that one may take d; = 1 in the C* case. This
completes the proof. O

(7.24)

We are now in a position to give

Proof of Theorem 7.6. As in the proof of Lemma 7.22; the uniqueness part of the
theorem follows from the uniqueness of the LP regularity problem for 1 < p < 2. For
the existence and estimate (7.7), we only need to show that there exists § € (0, 1]
such that S : L2(9Q, 1) — L3(09, 1) is invertible if w € A;15(9). To this end,
we fix ¢ > 2 so that S : LI(0Q2) — L{(09Q) is invertible. It suffices to show that
there exists 0 < 6 = 6(Q) <1—(2/q) so that

(7.25) 1fl2200,2) < Co IS(F)llL200,2)

for all f € L9(0€) and w € A145(0€). This is because L{(9<2) is dense in L}(09, 1)
if0<d<1-(2/9).

Let f € L1(09Q) and ug = S(f) on Q4. Note that, by the jump relation, (7.25)
follows from

8ui
(7.26) 15522000, 2) < € {IVeullzaon, 2 + el 2gon, 2 } -

We wil give the proof of (7.26) for uy. The proof for u_ may be carried out in the
same manner.

Let g = S(f) on 9Q. By a partition of unity, we may assume that suppg C
B(Qo,10) N0 and ro = ro(€2) > 0 is small so that, after a possible rotation of the
coordinate system,

(7.27) B(Qo,m0) N Q= B(Qo,m0) N {(X',24) € R+ 24 > ¢(X')},

where 1) : R4~! — R is Lipschitz continuous. We may also assume that Qo = 0.
Let A, = {(X',zq) € RY: |X'| <r} and
(7.28) Q= {(X",zg) eR": | X'| <1, 7 <y(X') < Br},

where the constant B = B(||V#|l) > 0 is chosen so that 2, is a star-like Lipschitz
domain for any r > 0. We assume that rg is sufficiently small such that Q, C Q
and 00, NN = A, for all 0 < r < 8rg.
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We first estimate Vug on Ag,,. To this end, we apply Lemma 7.22 on , with
weight

w on A,

(7.29) = {w(am on 92, N Q.

It follows that

do do 1
7.30 / Vu Q—SC{/ Vu2—+—/ Vuzda}.
( ) AT| + w Ar| ul w  w(09) asmm' |

Integrating both sides of (7.30) in r € (3rg,4r¢), we obtain

do do 1
Vuir|? = <C / \V/ 2—+—/ Vul?dX
| +| w { 8Q| tg| ) W(aQ) Q4TO\Q3TO| |

do 1
<C / Vg2—+—/ ul?dX 3,
{ an' 191 w o w(09Q) Q\Q%' |

where the second inequality follows from the Cacciopoli’s inequality, since © = 0
on 90\ A,,. Note that by the boundary L> estimates for harmonic functions and
the LP estimate for the regularity problem, we have

1/2 1s
{/ |u|2dX} < c/ luldX < C {/ |(Vu)*|5da}
O\ Qa1 O\ o9
1/s
(732 <c{ [ [watas)
o0

1/2 2os
< C{/ |Vtg|2d—a} {/ W da} ,
I}9) w o9

where s € (1,2). Since w € A144(012), it satisfies a reverse Holder inequality [CE].
There exists s € (1,2), which depends only on the A;;s bound of w, such that

Hw”Lﬁ(aQ) < Cw(99). In view of (7.31)-(7.32), this gives

d d
(7.33) / Vuy P2 < C / Vigl? 2.
Asrg w o0 w

Next, to estimate Vu on 9Q\ Az, , we choose p € (2, q) so that the L regularity
problem is solvable on Q\ Q, for all r € (279, 3rp). Assume that 6 <1— (2/p). It
follows from Holder inequality that

d 1/2 1 1/p
ag

{/ 'VWU} fc';'l/%wm{/ 'V“+'pd(’}
(7.34) AN Asrg N Asr

C 1/p
< - Pd .
< L {/a V| ”}
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From this, we may integrate (7.34) in r € ((5/2)rg, 3rg) to show that the left-hand
side of (7.34) is bounded by
1/p 1/2

C / C / 2
7.35) ——— VulPdX < —— Vul|“dX
799 L@ | Jonay,, EIEER WA

1/2

< — Vul*dX
= L@ oy,

We point out that the first inequality in (7.35) follows by a technique of Dahlberg
and Kenig (see [ES]). In view of (7.34)-(7.35) and (7.32), we have proved that

d d
(7.36) / Vuy P2 < C / Vgl =
OO\ Agyg w a0 w

This, together with (7.33), gives the desired estimate (7.26) for u..

Finally in the case that Q is a C' domain, we use the fact that S : LP(9Q2) —
L7(09) is invertible and the LP regularity problem is uniquely solvable for all p €
(1,00) [FJR]. However, to estimate |Vuy| on Agy,, in the place of Q, in (7.28), we
need to construct a continuum of starshaped C' domains §~2r such that §~2r C Q and
A, C 09, NI for r € (2ry,8r9). On the other hand, for the estimate of [V |
on 99 \ As,,, we should construct a continuum of C* domains G, with connected
boundaries such that G, C Q, 90\ As,, C 9G, NI, and dist(OG,, Ag,,) > ¢ > 0.
With these observations, the same argument as in the Lipschitz case shows that one
may take § to be any number in (0, 1). Since w € A2(0N2) implies that w € A,(9)
for some p € (1,2), it follows that one may take § = 1. This completes the proof. O
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